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Abstract
In [W. Kook,V. Reiner, D. Stanton,A convolution formula for the Tutte polynomial, J. Combin. Theory Ser. B 76 (1999) 297–300],
it is proved that the Tutte polynomial of a matroid can be decomposed into a colouring factor and a ﬂow factor as follows:
T (M; x, y) =
∑
X⊆E
T (M|X; 0, y)T (M/X; x, 0).
We extend this decomposition to the linking polynomial of twomatroids deﬁned in [D.J.A.Welsh, K.K. Kayibi,A linking polynomial
of two matroids, Adv. in Appl. Math. 32 (2004) 391–419].
© 2007 Elsevier B.V. All rights reserved.
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1. Preliminaries
Let M and N be two matroids deﬁned on the set E with rank functions r and s, respectively. We call the pair (M,N)
a matroid pair. The symmetric matroid pair of (M,N) is the pair (N,M). The dual matroid pair is the pair (M∗, N∗)
where M∗ and N∗ denote the dual matroids of M and N, respectively. We shall write P for the matroid pair (M,N).
The notation P |X stands for (M|X,N |X) where for any matroid M, M|X denotes the restriction of the matroid M to
the subset X while P/X stands for the matroid pair (M/X,N/X) where for any matroid M, M/X denotes the matroid
M contracted by the subset X. We say that an element e is ordinary in a matroid M if e is neither a loop nor a coloop in
M.
The linking polynomial of (M,N), denoted Q(M,N; x, y, u, v) is deﬁned in [9] as follows:
Q(M,N; x, y, u, v) =
∑
X⊆E
(x − 1)r(E)−r(X)(y − 1)|X|−r(X)(u − 1)s(E)−s(X)(v − 1)|X|−s(X). (1)
The linking polynomial is essentially equivalent to the 3-variable polynomial deﬁned and studied by Las Vergnas in
a series of papers [2–4]. It also partially contains the Tutte invariant of 2-polymatroids deﬁned by Oxley and Whittle
in [6,7].
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Let M be a matroid deﬁned on a set E with rank function r. A ﬂat of M is a subset X of E such that for all e ∈ E\X,
r(X ∪ e) = r(X) + 1.
A subset X ⊆ E is called a cyclic ﬂat of M if it is a ﬂat of M and is a union of circuits of M. In [1] Kook, Stanton
and Reiner proved the following:
Theorem 1. For any matroid M deﬁned on E
T (M; x, y) =
∑
X⊆E
T (M|X; 0, y)T (M/X; x, 0). (2)
As pointed out in [1] it is easy to see that the summation need be only over the cyclic ﬂats of the matroid M. In [8]
Reiner extended Theorem 1 to the following useful and very beautiful theorem.
Theorem 2. Let a, b, u, v be indeterminates with a + b = 1. Then for any matroid M with ground set E we have
T
(
M; 1 − ua
b
,
1 − vb
a
)
= 1
ar
∗(M)br(M)
∑
∅⊆B⊆C⊆E
((−1)r∗(M|B)b|B|T (M|B; 0, v))
× ((−1)r(M/C)a|M/C|T (M/C; u, 0)).
Theorem 1 can be recovered from Theorem 2 by taking the limit as a → ∞, so that b → −∞ and a/b → −1.
Theorem 2 has many applications which are presented in [8].
2. A decomposition theorem
Theorem 3. Let P = (M,N) be a matroid pair deﬁned on a set E. Then
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2). (3)
By using the transformation Q(M,M; x, y, 2, 2) = T (M; x, y) given in [9], it is easy to recover Theorem 1 from
Theorem 3.
2.1. Example
Let M and N be matroids on E = {a, b} where M = U1,2 and N is the matroid where b is a coloop and a is a loop.
For P = (M,N) we have
Q(P ; x, y, u, v) = xu − x + uv − 2v − 2u + yv − y + 4.
Now for X ⊆ E, let fX denote Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2). Then
f∅ = Q(∅)Q(E; x, 0, u, 2) = xu − x,
fa = Q(a; 0, y, 2, v)Q(P/a; x, 0, u, 2) = uv − 2v − 2u + 4,
fb = 0,
fE = Q(E; 0, y, 2, v)Q(∅) = yv − y.
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Thus,
Q(P ; x, y, u, v) =
∑
X∈E
fX.
Corollary 1. For all matroid pairs P deﬁned on E, we have that
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) =
∑
X⊆E
Q(P |X; 2, y, 0, v)Q(P/X; x, 2, u, 0).
Proof. Let P denote the matroid pair (M,N) and P s denote the pair (N,M).
By the symmetry property of Q and Theorem 3 we have that
Q(P ; x, y, u, v) = Q(P s; u, v, x, y)
=
∑
X⊆E
Q(P s |X; 0, v, 2, y)Q(P s/X; u, 0, x, 2)
=
∑
X⊆E
Q(P |X; 2, y, 0, v)Q(P/X; x, 2, u, 0). 
We extend the notion of cyclic ﬂat of a matroid to a matroid pair by deﬁning a subset X ⊆ E to be a cyclic ﬂat of
(M,N) if X is a ﬂat of either M or N and X is a union of circuits in either M or N. More formally a subset X is a cyclic
ﬂat of (M,N) if
∀f ∈ E\X, r(X ∪ f ) + s(X ∪ f )r(X) + s(X) + 1 (4)
and
∀e ∈ X, r(X\e) + s(X\e)> r(X) + s(X) − 2. (5)
As for the Tutte polynomial, the summation on the right hand side of Eq. (3) is only over the cyclic ﬂats of the pair
(M,N).
Corollary 2. Let P = (M,N) be a matroid pair deﬁned on E. Then
Q(M,N; x, y, u, v) =
∑
X:X cyclic ﬂat of P
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2)
=
∑
X:X cyclic ﬂat of P
Q(P |X; 2, y, 0, v)Q(P/X; x, 2, u, 0). (6)
Proof. We aim to prove that ifX ⊆ E is not a cyclic ﬂat of the matroid pair (M,N), then the contribution of X towards
the right hand side of Eq. (6) is zero.
Suppose that X is not a cyclic ﬂat of P. Thus, X does not satisfy either Eq. (4) or (5).
Suppose there is an element e ∈ E\X such that
r(X ∪ e) + s(X ∪ e)< r(X) + s(X) + 1,
or equivalently
r(X ∪ e) + s(X ∪ e) = r(X) + s(X).
Hence r(X ∪ e) = r(X) and s(X ∪ e) = s(X) and thus e is a loop in both M/X and N/X. Therefore, we have that
Q(P/X; x, 0, u, 2) = D(x, 0, u, 2)Q(P \e/X; x, 0, u, 2) = 0,
where D(x, 0, u, 2) stands for yv − y − v + 2 evaluated at (x, 0, u, 2) and thus is zero.
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Hence
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) = 0.
Suppose there is an element f ∈ X which does not satisfy Eq. (5). It is easy to see that f is a coloop in both M|X
and N |X, then
Q(P |X; 0, y, 2, v) = A(0, y, 2, v)Q(P \e|X; 0, y, 2, v) = 0,
where A(0, y, 2, v) stands for xu − x − u + 2 evaluated at (0, y, 2, v) and thus is zero.
Hence
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) = 0. 
The alternative form follows by Corollary 1.
3. Proof of Theorem 3
3.1. Preliminary lemmas
The proof of Theorem 3 requires Theorem 4 given in the appendix and some preliminary lemmas.
Lemma 1. Let P be a matroid pair deﬁned on E. If e ∈ E is ordinary in both M and N, then for all X ⊆ E such that
e /∈X we have that
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) + Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) + Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (i)
Proof. We ﬁrst observe that if e /∈X then
P |X = P \e|X (7)
and
P/(X ∪ e) = P/e/X. (8)
Eq. (7) follows from the fact that, since P |X denotes P \(E\X) and e ∈ E\X thus P \(E\X) = P \e\(E\X). Eq.
(8) follows from the fact that the order in which one performs a sequence of contractions is irrelevant.
Now since e is ordinary in both M and N, four mutually exclusive cases may arise. We may have that the element e
is ordinary or a coloop in both M|(X ∪ e) and N |(X ∪ e), or the element e is ordinary in M|(X ∪ e) and a coloop in
N |(X ∪ e) or the element e is a coloop in M|(X ∪ e) and ordinary in N |(X ∪ e).
o1: If e is ordinary in both M|(X ∪ e) and N |(X ∪ e), then we have that e is a loop in both M/X and N/X. Thus,
Q(P/X; x, 0, u, 2) = D(x, 0, u, 2)Q(P/X\e; x, 0, u, 2) = 0. (9)
Using this fact (i) becomes
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) + Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (i*)
Furthermore, since e is a loop of both M/X and N/X, we have that
P \e/X = P/e/X.
Thus,
Q(P \e/X; x, 0, u, 2) = Q(P/e/X; x, 0, u, 2). (10)
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Also using Eq. (8) we have that
Q(P/(X ∪ e); x, 0, u, 2) = Q(P/e/X; x, 0, u, 2) = Q(P \e/X; x, 0, u, 2) =  (say). (11)
Now, if  = 0, then Lemma 1 holds vacuously for this case. If not, then cancelling out the like factors in Eq. (i∗), we
have that it only remains to prove that
Q(P |(X ∪ e); 0, y, 2, v) = Q(P \e|X; 0, y, 2, v) + Q(P/e|X; 0, y, 2, v).
But since e is ordinary in both M|(X ∪ e) and N |(X ∪ e), we exactly get that by Theorem 4(a).
Hence Lemma 1 holds for this case. Now we have to deal with the three cases where e is not ordinary in either
M|(X ∪ e) or N |(X ∪ e). In those cases, we rearrange Eq. (i) and we get
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) − Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
= Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2) − Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2). (12)
Substituting Eqs. (7) and (8) into Eq. (12) gives
Q(P |X; 0, y, 2, v)[Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2)]
= [Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v)]Q(P/e/X; x, 0, u, 2). (*)
o2: If e is a coloop in both M|(X ∪ e) and N |(X ∪ e), then
Q(P |(X ∪ e); 0, y, 2, v) = A(0, y, 2, v)Q(P |X; 0, y, 2, v) = 0. (13)
Using this fact (i) becomes
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2)
= Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) + Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2).
Furthermore, since e /∈X, we have that
Q(P |X; 0, y, 2, v) = Q(P \e|X; 0, y, 2, v) = Q(P/e|X; 0, y, 2, v).
Thus, to prove Lemma 1 for this case, we only have to show that
Q(P/X; x, 0, u, 2) = Q(P \e/X; x, 0, u, 2) + Q(P/e/X; x, 0, u, 2).
But since e is ordinary in P/X this is exactly what we get by Theorem 4(a).
o3: If e is a coloop in M|(X ∪ e) and ordinary in N |(X ∪ e), then the element e is ordinary in M/X and a loop in
N/X. Since the element e is ordinary in M/X and a loop in N/X, Theorem 4(e) gives
Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2) = (v − 1)(x,o,u,2)Q(P/e/X; x, 0, u, 2)
= Q(P/e/X; x, 0, u, 2), (14)
where (v − 1)(x,o,u,2) denotes v − 1 evaluated at the point (x, 0, u, 2) and thus is equal to 1.
Thus, by substituting Eq. (14) into the right hand side of Eq. (∗) and simplifying, we get that to prove the lemma,
we only have to show that
Q(P |X; 0, y, 2, v) = Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v). (15)
But since e is a coloop in M|(X ∪ e) and ordinary in N |(X ∪ e), Theorem 4(b) gives
Q(P |(X ∪ e); 0, y, 2, v) = (x − 1)(0,y,2,v)Q(P |X; 0, y, 2, v) + Q(P |(X ∪ e)/e; 0, y, 2, v)
= − Q(P |X; 0, y, 2, v) + Q(P |(X ∪ e)/e; 0, y, 2, v), (16)
where (x − 1)(0,y,2,v) stands for (x − 1) evaluated at (0, y, 2, v) and is equal to −1.
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Hence, after substituting Eq. (16) into Eq. (15), Eq. (15) becomes
Q(P |X; 0, y, 2, v) = Q(P/e|X; 0, y, 2, v) + Q(P |X; 0, y, 2, v) − Q(P |(X ∪ e)/e; 0, y, 2, v).
Thus, we are done if we can show that
Q(P |(X ∪ e)/e; 0, y, 2, v) = Q(P/e|X; 0, y, 2, v).
But this follows because contraction and deletion commute. Hence, the lemma holds for this case.
o4: The case where e is ordinary in M|(X∪ e) and a coloop in N |(X∪ e) follows from case [o3] by symmetry. Thus,
Lemma 1 is proved. 
Lemma 2. Let P = (M,N) be a matroid pair deﬁned on E. Let e ∈ E be ordinary in M and a loop in N. Then for all
X ⊆ E such that e /∈X, we have that
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) + Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) + (v − 1)Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (ii)
Proof. For the same reason as in the case where e is ordinary in both M and N, we observe that Eqs. (7) and (8) also
hold in this case.
Now since e is ordinary in M and a loop in N, two mutually exclusive cases may arise. The element e is ordinary in
M|(X ∪ e) and a loop in N |(X ∪ e), or the element e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e).
• If e is ordinary in M|(X ∪ e) and a loop in N |(X ∪ e), then the element e is a loop in both M/X and N/X. Using
the same argument as in the case (o1) we get that Lemma 2 holds for this case provided the following holds:
Q(P |(X ∪ e); 0, y, 2, v) = Q(P \e|X; 0, y, 2, v) + (v − 1)Q(P/e|X; 0, y, 2, v).
But since e is ordinary in M|(X ∪ e) and a loop in N |(X ∪ e) that is exactly what we get by Theorem 4(e). Hence
the lemma holds for this case.
• Suppose that e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e). Rearranging Eq. (ii) and substituting (7) and (8)
gives
Q(P |X; 0, y, 2, v)[Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2)]
= [(v − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v)]Q(P/e/X; x, 0, u, 2). (ii*)
Since e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e), then the element e is ordinary in M/X and loop in N/X.
Thus, by Theorem 4(e) we have that
Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2) = (v − 1)(x,0,u,2)Q(P/e/X; x, 0, u, 2)
= Q(P/e/X; x, 0, u, 2). (17)
Substituting Eq. (17) into Eq. (ii∗) and simplifying, we get that to prove the lemma for this case, we only have to
show that
Q(P |X; 0, y, 2, v) = (v − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v).
But since e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e), by Eq. (33), we have that
Q(P |(X ∪ e); 0, y, 2, v) = (x − 1)(0,y,2,v)Q(P |X; 0, y, 2, v) + (v − 1)Q(P |(X ∪ e)/e; 0, y, 2, v)
= − Q(P |X; 0, y, 2, v) + (v − 1)Q(P/e|X; 0, y, 2, v).
Hence, the lemma holds for this case. Thus, we have proved Lemma 2. 
Lemma 3. Let P = (M,N) be a matroid pair deﬁned on E. Let e ∈ E be ordinary in N and a loop in M. Then for all
X ⊆ E such that e /∈X, we have that
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) + Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) + (y − 1)Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (iii)
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Proof. For the same reason as in the case where e is ordinary in both M and N, we observe that Eqs. (7) and (8) also
hold in this case.
Now since e is ordinary inN and a loop inM, two mutually exclusive cases may arise: either the element e is ordinary
in N |(X ∪ e) and a loop in M|(X ∪ e), or the element e is a coloop in N |(X ∪ e) and a loop in M|(X ∪ e).
• If e is ordinary in N |(X ∪ e) and a loop in M|(X ∪ e), then the element e is a loop in both M/X and N/X. Using
the same argument as in the case (o1) we get that the lemma holds for this case provided the following holds:
Q(P |(X ∪ e); 0, y, 2, v) = Q(P \e|X; 0, y, 2, v) + (y − 1)Q(P/e|X; 0, y, 2, v).
But since e is ordinary in N |(X ∪ e) and a loop in M|(X ∪ e) that is exactly what we get by Theorem 4(d). Hence
the lemma holds for this case.
• Suppose that e is a coloop in N |(X ∪ e) and a loop in M|(X ∪ e). Rearranging Eq. (iii) and substituting (7) and (8)
gives
Q(P |X; 0, y, 2, v)[Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2)]
= [(y − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v)]Q(P/e/X; x, 0, u, 2). (iii*)
Now, since e is a coloop in N |(X ∪ e) and a loop in M|(X ∪ e), then the element e is ordinary in N/X and loop in
M/X.
Thus, by Theorem 4(d) we have that
Q(P/X; x, 0, u, 2) = Q(P \e/X; x, 0, u, 2) + (y − 1)(x,0,u,2)Q(P/e/X; x, 0, u, 2)
= Q(P \e/X; x, 0, u, 2) − Q(P/e/X; x, 0, u, 2),
or equivalently
Q(P/X; x, 0, u, 2) − Q(P \e/X; x, 0, u, 2) = −Q(P/e/X; x, 0, u, 2). (18)
Substituting Eq. (18) into the left hand side of Eq. (iii∗) and simplifying, we get that to prove the lemma for this
case, we only have to show that
−Q(P |X; 0, y, 2, v) = (y − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v).
But since e is a coloop in N |(X ∪ e) and a loop in M|(X ∪ e), by Eq. (34) we have that
Q(P |(X ∪ e); 0, y, 2, v) = (u − 1)(0,y,2,v)Q(P |X; 0, y, 2, v) + (y − 1)Q(P |(X ∪ e)/e; 0, y, 2, v)
= Q(P |X; 0, y, 2, v) + (y − 1)Q(P/e|X; 0, y, 2, v),
or equivalently
−Q(P |X; 0, y, 2, v) = (y − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v).
Hence, the lemma also holds for this case. Therefore, we have proved Lemma 3. 
Lemma 4. Let P be a matroid pair deﬁned on E. Let e ∈ E be a coloop in M and a loop in N. Then for all X ⊆ E
such that e /∈X we have that
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) + Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= (x + v − 2)Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2).
Proof. In this proof, we use the alternative form of the deletion/contraction recursion of the case where e is a coloop
in M and a loop in N as given in Eq. (33). We rewrite the lemma as
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) + Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= (x − 1)Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (v − 1)Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (iv)
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For the same reason as in the case where e is ordinary in both M and N, we observe that Eqs. (7) and (8) also hold in
this case.
Now since e is a coloop in M and a loop in N, then the element e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e).
Thus, rearranging Eq. (iv) and substituting (7) and (8) gives
Q(P |X; 0, y, 2, v)[Q(P/X; x, 0, u, 2) − (x − 1)Q(P \e/X; x, 0, u, 2)]
= [(v − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v)]Q(P/e/X; x, 0, u, 2). (iv*)
Since e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e), then the element e is a coloop in M/X and loop in N/X.
Thus, by Eq. (33) we have that
Q(P/X; x, 0, u, 2) = (x − 1)Q(P \e/X; x, 0, u, 2) + (v − 1)(x,0,u,2)Q(P/e/X; x, 0, u, 2)
= (x − 1)Q(P \e/X; x, 0, u, 2) + Q(P/e/X; x, 0, u, 2),
or equivalently
Q(P/X; x, 0, u, 2) − (x − 1)Q(P \e/X; x, 0, u, 2) = Q(P/e/X; x, 0, u, 2).
Thus, to prove the lemma for this case, we only have to show that
Q(P |X; 0, y, 2, v) = (v − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v).
But since e is a coloop in M|(X ∪ e) and a loop in N |(X ∪ e), by Eq. (33) we have that
Q(P |(X ∪ e); 0, y, 2, v) = (x − 1)(0,y,2,v)Q(P |X; 0, y, 2, v) + (v − 1)Q(P |(X ∪ e)/e; 0, y, 2, v)
= − Q(P |X; 0, y, 2, v) + (v − 1)Q(P/e|X; 0, y, 2, v),
since (x − 1)(0,y,2,v) = −1. Thus,
Q(P |X; 0, y, 2, v) = (v − 1)Q(P/e|X; 0, y, 2, v) − Q(P |(X ∪ e); 0, y, 2, v).
Hence Lemma 4 is proved. 
3.2. Recursive steps of the proof of Theorem 3
The proof is by induction on the cardinality of E. It is routine to check that the theorem holds for all matroid pairs
deﬁned on a single element set.
Suppose it holds for all matroid pairs on n elements or less. Let P be a matroid pair on n + 1 elements. There are
many cases to consider.
Case 1. P has an element e which is ordinary in both M and N: If P has an element e which is ordinary in both M
and N, then by Theorem 4(a) we have that
Q(P ; x, y, u, v) = Q(P \e; x, y, u, v) + Q(P/e; x, y, u, v).
By the inductive hypothesis, we have that
Q(P ; x, y, u, v) =
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (19)
By Lemma 1, we have that∑
X⊆E\e
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) +
∑
X⊆E\e
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
=
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2) +
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2).
(20)
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Now ∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2)
=
∑
Y⊆E:e∈Y
Q(P |Y ; 0, y, 2, v)Q(P/Y ; x, 0, u, 2) +
∑
X⊆E:e/∈X
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2). (21)
But we know that to every Y ⊆ E : e ∈ Y , there corresponds an unique subset X ⊆ E\e such that Y = X ∪ e. Also
the collection of subsets X ⊆ E : e /∈X is the collection of subsets X ⊆ E\e. Thus, the left hand side of Eq. (21) can
be rewritten as∑
X⊆E\e
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2) +
∑
X⊆E\e
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2). (22)
But Eq. (22) is the left hand side of Eq. (20). Thus
∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2)
=
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (23)
Therefore, by comparing Eqs. (19) and (23) we get that
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
Thus, we have proved that Theorem 3 holds if the matroid pair (M,N) has an element e which is ordinary in both M
and N. If the matroid pair (M,N) has not got such an element e, then every element is not ordinary in either M or N.
We may then encounter the following cases: for each element e ∈ E, either e is ordinary in M and loop (or coloop) in
N, or e is ordinary in N and loop (or coloop in M).
Case 2. P has an element e which is ordinary in M and a loop in N: If P has an element e which is ordinary in M
and a loop in N, then by Theorem 4(e) we have that
Q(P ; x, y, u, v) = Q(P \e; x, y, u, v) + (v − 1)Q(P/e; x, y, u, v).
By inductive hypothesis, we have that
Q(P ; x, y, u, v) =
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (v − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (24)
By Lemma 2, we have that
∑
X⊆E\e
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2)
+
∑
X⊆E\e
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
=
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (v − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (25)
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As in the proof of Case 1, we know that the left hand side of Eq. (25) is equal to
∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2).
Hence∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2)
=
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (v − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (26)
Thus, by comparing Eqs. (24) and (26) we get that
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
Case 3. P has an element e which is ordinary in M and a coloop in N: If P has an element e which is ordinary in M
and a coloop in N, then the element e is ordinary in M∗ and a loop in N∗ where M∗ and N∗ denote the matroid dual
of M and N, respectively. Consider the pair P ∗ = (M∗, N∗). Using the duality property of Q and Case 2 we have that
Q(P ; x, y, u, v) = Q(P ∗; y, x, v, u) =
∑
X⊆E
Q(P ∗|X; 0, x, 2, u)Q(P ∗/X; y, 0, v, 2)
=
∑
X⊆E
Q((P ∗|X)∗; x, 0, u, 2)Q((P ∗/X)∗; 0, y, 2, v)
=
∑
X⊆E
Q(P/(E\X); x, 0, u, 2)Q(P |(E\X); 0, y, 2, v)
=
∑
Y⊆E
Q(P |Y ; 0, y, 2, v)Q(P/Y ; x, 0, u, 2),
where Y = E\X.
Case 4. P has an element e which is ordinary in N and a loop in M:
If P has an element e which is ordinary in N and a loop in M, then by Theorem 4(d) we have that
Q(P ; x, y, u, v) = Q(P \e; x, y, u, v) + (y − 1)Q(P/e; x, y, u, v).
By inductive hypothesis, we have that
Q(P ; x, y, u, v) =
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (y − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (27)
By Lemma 3, we have that
∑
X⊆E\e
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) +
∑
X⊆E\e
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
=
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (y − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (28)
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As in the proof of Case 1, we know that the left hand side of Eq. (28) is equal to
∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2).
Hence∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2) =
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2)
+ (y − 1)
∑
X⊆E\e
Q(P/e|X; 0, y, 2, v)Q(P/e/X; x, 0, u, 2). (29)
Thus, by comparing Eqs. (27) and (29) we get that
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
Case 5. P has an element e which is ordinary in N and a coloop in M: If P has an element e which is ordinary in N
and a coloop in M, then the element e is ordinary in N∗ and a loop in M∗ where N∗ and M∗ denote the matroid dual of
N and M, respectively. Consider the pair P ∗ = (M∗, N∗). Using the duality property of Q and Case 4 and proceeding
as in the proof of Case 3, we get that
Q(P ; x, y, u, v) =
∑
Y⊆E
Q(P |Y ; 0, y, 2, v)Q(P/Y ; x, 0, u, 2).
Thus, we have proved that Theorem 3 holds if the matroid pair (M,N) has at least one element e which is ordinary in
either M or N or both. It remains to prove the cases where the matroid pair has no such element e.
Case 6. P has an element e which is a coloop in M and a loop in N: If P has an element e which is a coloop in M and
a loop in N, then by Theorem 4(f) we have that
Q(P ; x, y, u, v) = (x + v − 2)Q(P \e; x, y, u, v).
By inductive hypothesis, we have that
Q(P ; x, y, u, v) = (x + v − 2)
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2). (30)
By Lemma 4, we have that
∑
X⊆E\e
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2) +
∑
X⊆E\e
Q(P |(X ∪ e); 0, y, 2, v)Q(P/(X ∪ e); x, 0, u, 2)
= (x + v − 2)
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2). (31)
As in the proof of Case 1 we know that the left hand side of Eq. (31) is equal to
∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2).
Hence∑
Z⊆E
Q(P |Z; 0, y, 2, v)Q(P/Z; x, 0, u, 2)
= (x + v − 2)
∑
X⊆E\e
Q(P \e|X; 0, y, 2, v)Q(P \e/X; x, 0, u, 2). (32)
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Thus, by comparing Eqs. (30) and (32) we get that
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
By duality we have the following.
Case 7. If P has an element e which is a coloop in N and a loop in M: If P has an element e which is a coloop in N
and a loop in M, then the element e is a loop in N∗ and a coloop in M∗ where M∗ and N∗ denote the matroid dual of
M and N, respectively. Consider the pair P ∗ = (M∗, N∗). Using the duality property of Q and Case 6 and proceeding
as in Case 3 we have that
Q(P ; x, y, u, v) =
∑
Y⊆E
Q(P |Y ; 0, y, 2, v)Q(P/Y ; x, 0, u, 2).
To ﬁnish the proof of Theorem 3, it only remains to show that it holds if all the elements of P are either loops in both
M and N or all the elements are coloops in both M and N.
Case 8. All the elements of P are loops (or coloops) in both M and N: If all the elements of P are loops then by the
multiplicative property of Q the left hand side of Eq. (3) is
Q(P ; x, y, u, v) = D|E|,
where D = yv − y − v + 2.
On the right hand side, the contributions of all the proper subsets of E towards the sum is zero since if X 
= E then
Q(P/X; x, 0, u, 2) = D|E\X|(x, 0, u, 2) = 0.
But if X = E then
Q(P |E; 0, y, 2, v)Q(P/E; x, 0, u, 2) = D|E|.
Thus,
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
If all the elements of P are coloops then by the multiplicative property of Q the left hand side of Eq. (3) is
Q(P ; x, y, u, v) = A|E|,
where A = xu − x − u + 2.
On the right hand side, the contributions of all the nonempty subsets of E towards the sum is zero since if X 
= ∅
then
Q(P |X; 0, y, 2, v) = A|X|(0, y, 2, v) = 0.
But if X = ∅ then
Q(P |∅; 0, y, 2, v)Q(P/∅; x, 0, u, 2) = A|E|.
Thus,
Q(P ; x, y, u, v) =
∑
X⊆E
Q(P |X; 0, y, 2, v)Q(P/X; x, 0, u, 2).
Thus, we have proved Case 8. We thus have proved that Theorem 3 holds for all the cases into which the element e
may fall. Hence ﬁnally Theorem 3 is proved.
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Appendix
Theorem 4 (Welsh and Kayibi [9]). For all pairs of matroids (M,N) deﬁned on the ground set E, the polynomial
Q(M,N; x, y, u, v) obeys the following recursion relations:
(a) If e is ordinary in both M and N then
Q(M,N; x, y, u, v) = Q(M\e,N\e) + Q(M/e,N/e).
(b) If e is a coloop of M and ordinary in N then
Q = (x − 1)Q(M\e,N\e) + Q(M/e,N/e).
(c) If e is a coloop of N and ordinary in M then
Q = (u − 1)Q(M\e,N\e) + Q(M/e,N/e).
(d) If e is a loop of M and ordinary in N then
Q = Q(M\e,N\e) + (y − 1)Q(M/e,N/e).
(e) If e is a loop of N and ordinary in M then
Q = Q(M\e,N\e) + (v − 1)Q(M/e,N/e).
(f) If e is a coloop of M and a loop in N then
Q = (x + v − 2)Q(M\e,N\e).
(g) If e is a coloop of N and a loop in M then
Q = (y + u − 2)Q(M\e,N\e).
(h) If e is a coloop of M and a coloop in N then
Q = (xu − x − u + 2)Q(M\e,N\e).
(j) If e is a loop of M and a loop in N then
Q = (yv − y − v + 2)Q(M\e,N\e).
Remark. If P = (M,N) is a matroid pair deﬁned on E and e ∈ E is a coloop of M and a loop of N, then by
Theorem 4(f) we have that
Q(P ; x, y, u, v) = (x + v − 2)Q(P \e; x, y, u, v),
which may be rewritten as
Q(P ; x, y, u, v) = (x − 1)Q(P \e; x, y, u, v) + (v − 1)Q(P/e; x, y, u, v) (33)
since P \e = P/e. Similarly, if e is a coloop in N and a loop in M we shall write
Q(P ; x, y, u, v) = (u − 1)Q(P \e; x, y, u, v) + (y − 1)Q(P/e; x, y, u, v). (34)
We shall use Eqs. (33) and (34) instead of the normal forms of Theorem 4(f) and (g) when we deemmore appropriate
to do so.
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